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Wasserstein distance and applications to
Bayesian nonparametrics
Distanza di Wasserstein e applicazioni in statistica
bayesiana nonparametrica

Marta Catalano, Hugo Lavenant, Antonio Lijoi, Igor Prünster

Abstract Bayesian nonparametric models are able to learn complex distributional
patterns in the data by leveraging on infinite-dimensional parameters, typically con-
sisting in vectors of random measures. To perform a principled BNP model com-
parison one thus needs a measure of discrepancy between vectors of random mea-
sures. In recent works the authors have proposed two different metrics based on the
Wasserstein distance. We here provide new perspectives to our findings, highlight-
ing a universal relation between the two metrics.
Abstract I modelli bayesiani nonparametrici (BNP) sono in grado in imparare as-
setti distribuzionali complessi nei dati facendo leva su parametri infinito-dimensionali,
che tipicamente consistono in vettori di misure aleatorie. Per portare avanti un
paragone tra modelli BNP basato su fondamenta solide, è dunque necessario
definire una misura di discrepanza tra vettori di misure aleatorie. In alcuni la-
vori recenti gli autori hanno proposto due diverse metriche basate sulla distanza
di Wasserstein. In questo contributo forniamo una nuove prospettiva che mette in
evidenza una relazione universale tra le due metriche.
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2 Marta Catalano, Hugo Lavenant, Antonio Lijoi, Igor Prünster

1 Introduction

The Wasserstein distance provides a comprehensive way to quantify the compari-
son between two random objects. Its first definition traces back to [8], though it then
appeared independently in many other scientific fields. As a result, one can find this
simple measure of discrepancy (using Gini’s words) under different names, such as
Gini distance, coupling distance, Monge-Kantorovich distance, Earth Moving dis-
tance and Mallows distance; see [5, 12, 11] for reviews.
Random structures are the key to statistical modeling and inference, especially in a
Bayesian framework where the parameter of the model is random as well. We argue
that a principled way to perform Bayesian model comparison is then to measure
the discrepancy between the random parameters of the models, by relying on the
Wasserstein distance.
In this contribution we focus on Bayesian nonparametric (BNP) models, which are
based on infinite-dimensional parameters typically consisting on vectors of random
measures. For example, most BNP models for partially exchangeable sequences
[4] are built as follows. First, one considers a vector of dependent random mea-
sures µ̃ = (µ̃1, . . . , µ̃d), such as the completely random vectors (CRVs) introduced
in Section 3. Then, one models d groups of observations XXXi = (Xi

1, . . . ,X
i
ni
) as con-

ditionally independent given µ̃ with

XXXi|µ̃ ind∼ T (µ̃i)

for i = 1, . . .d, where T is some transformation of the random measure.
To perform a BNP model comparison one thus needs the definition of a distance
between CRVs, whose law is specified through a multivariate Lévy intensity. Fol-
lowing [3, 2, 1] we here describe two different ways of defining such a distance,
one at the level of the random measures and one at the level of the underlying Lévy
measures. Generalizing the findings in [1], we highlight that the two metrics are
intimately connected and provide a universal relation between them that allows the
practionner to exploit the best properties of each one.

2 Wasserstein distance

In its classical formulation, the Wasserstein distance provides the means for com-
paring two probability measures on a Polish space X with metric d. Recent develop-
ments allow to extend the comparison from probability measures (that is, measures
with mass 1) to generic measures with possibly different masses. A particularly in-
teresting scenario arises when the masses are infinite, as in the case of infinitely
active Lévy measures. In this section we describe both the Wasserstein distance and
its extended version.
We first recall the notion of coupling. Given two probability measures P1,P2 on a
Polish space (X,d) we define a coupling to be the law of any random vector (X ,Y )
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Wasserstein distance and applications to Bayesian nonparametrics 3

on the product space X×X such that X ∼ P1 and Y ∼ P2. We denote by Γ (P1,P2)
the set of couplings between P1 and P2. A probability P1 has finite p-th moment if
for any x ∈ X, ∫

X
d(s,x)pdP(s)<+∞.

Definition 1. Let P1 and P2 be probability measures on (X,d) with finite p-th mo-
ment. The Wasserstein distance of order p between P1 and P2 is

Wp(P1,P2)p = inf
(X ,Y )∈Γ (P1,P2)

E(d(X ,Y )p).

We observe that the finiteness of the p-th moment guarantees the finiteness of
the Wasserstein distance thanks to the triangular inequality of the metric d. A very
common choice for (X,d) is Rd endowed with the Euclidean norm ∥ ·∥. In this case,
P has finite p-th moment if and only if

∫
∥x∥pdP(x) is finite.

Starting from this scenario we extend the definition to Lévy measures on Ωd =
[0,+∞)d \ {0}. This distance was studied in [7, 9, 1] for p = 2. To this end, we
insist on an equivalent definition of coupling in terms of pushforward measures,
which will be easier to generalize to Lévy measures. For a point (sss,sss′) ∈X×X, we
denote by π1(sss,sss′) = sss ∈ X and π2(sss,sss′) = sss′ ∈ X its projections. For any measure
spaces X1 and X2, if µ is a measure on X1 and f : X1 → X2, the pushforward
measure of µ by f is the measure on X2 defined by ( f#µ)(A) = µ( f−1(A)). Then
an equivalent way of defining a coupling γ ∈ C(P1,P2) is as a probability measure
on X×X such that πi#γ = Pi for i = 1,2. Thus,

Wp(P1,P2)p = inf
γ∈Γ (P1,P2)

∫

X×X
d(x,y)pdγ(x,y).

We now extend the Wasserstein distance to Lévy measures on Ωd = [0,+∞)d \{0}
with p-th finite moment, that is, the set of positive Borel measures ν such that

∫

Ωd

∥s∥pdν(s)<+∞.

We observe that the finite moment condition does not prevent the mass from being
infinite. Indeed, there can be an accumulation of infinite mass around the origin, as
is the case with infinitely active Lévy measures.
Let ν1,ν2 two Lévy measures. An extended coupling γ between ν1 and ν2 is a Lévy
measure on Ω2d such that π1#γ|Ωd

= ν1 and π2#γ|Ωd
= ν2. We denote Γ∗(ν1,ν2)

the set of all extended couplings.

Definition 2. Let ν1 and ν2 be Lévy measures on (Ωd ,∥ ·∥) with finite p-th moment.
The extended Wasserstein distance of order p between ν1 and ν2 is

W∗,p(ν1,ν2)p = inf
γ∈Γ∗(ν1,ν2)

∫∫

Ω2d

∥sss− sss′∥p dγ(sss,sss′). (1)
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4 Marta Catalano, Hugo Lavenant, Antonio Lijoi, Igor Prünster

The main difference between a coupling and an extended coupling is that ex-
tended couplings are not defined on Ωd ×Ωd but rather on Ω2d , which is strictly
larger since it also contains the axis {000}×Ωd and Ωd ×{000}. This is fundamental to
ensure the compactness of extended couplings which, in turn, guarantees the exis-
tence of an optimal extended coupling, that is, a coupling that attains the minimum
in the definition of extended Wasserstein distance.

3 Completely random vectors

The key component of Bayesian nonparametric models is the use of random mea-
sures to learn complex distributional patterns in the data. Among these, completely
random measures stand out for combining inferential flexibility with analytical
tractability. Quantifying the discrepancy between two completely random measures
or their multivariate extension - completely random vectors - is key to establishing
a principled approach to the comparisons between the induced Bayesian nonpara-
metric models. This can be done through the Wasserstein distance at two different
levels: either at the level of the random measures or at the level of their underly-
ing Lévy intensity. We here describe these notion and extend a result by [1], which
shows that these two levels are intimately connected.
Let M (X) denote the set of boundedly finite measures on X endowed with the
weak♯ topology [6]. We recall that a sequence of measures µn converges weakly♯ to
µ if and only if

∫
f dµn →

∫
f dµ for every bounded continuous f vanishing outside

a bounded set. A random measure is a random element on M (X). Similarly, a d-
dimensional random vector of measures µ̃ = (µ̃1, . . . , µ̃d) is a random element on
the product space M (X)d .

Definition 3. A random vector of measures is a completely random vector (CRV) if
for every finite collection of pairwise disjoint bounded sets {A1, · · · ,An} in B(X),
{µ̃(A1), · · · , µ̃(An)} are mutually independent.

The definition of completely random vector was first given by [2] and it extends
the notion of completely random measure (CRM [10]) in a natural way. In particular,
a CRM is a 1-dimensional CRV. Every CRV can be decomposed as the sum of three
independent components, µ + µ̃ f + µ̃ in distribution, where µ is a deterministic
vector of measures, µ̃ f is a random vector of measures with fixed atoms and µ̃ is a
random vector of measures without fixed atoms. In the rest of the contribution we
will focus on CRVs without fixed atoms. Remarkably, for every such CRV there
exists a measure ρ on Ωd ×X such that

dµ̃(x) =
∫

Ωd

sdN (s,x)

in distribution, where N is a Poisson random measure with Lévy intensity ρ on
Ωd ×X. In particular, µ̃(A) is an infinite divisible distribution with Lévy measure
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dνA(s) =
∫

A dρ(s,x) on Ωd . Thus, to assign a probability distribution to a CRV it
suffices to provide a set of Lévy measures (νA)A.
It is then clear that the comparison between CRVs can be based either at the level
of the random measures or at the level of the Lévy measures. In the first case, given
two CRVs µ̃1 and µ̃2 one defines

dW ,p(µ̃1, µ̃2) = sup
A

Wp(L (µ̃1(A)),L (µ̃2(A))), (2)

where L denotes the law of a random object. We observe that L (µ̃ i(A)) is a prob-
ability measure and thus Wp is the classical Wasserstein distance in Definition 1. In
the second case one defines

dW∗,p(µ̃
1, µ̃2) = sup

A
W∗,p(ν1

A,ν2
A). (3)

Here, ν i
A is a Lévy measure on Ωd and thus W∗,p is the extended Wasserstein dis-

tance in Definition 2.
The advantage for (2) is that, being defined directly on the the random object, it
has a very interpretable definition. On the other hand the advantage of (3) is that,
being defined directly on the Lévy measure, it is easier to compute. The next re-
sult generalizes the findings in [1] and can be proved following the same technique
therein. We provide a universal relation between the two distances that allows to
keep the best of the two worlds: we can now base the computations on (3) though
maintaining the interpretability of (2).

Theorem 1. Let µ̃1, µ̃2 be CRVs with Lévy measures (ν1
A)A and (ν2

A)A, respectively,
with finite p-th moment. Then for every Borel set A,

Wp(L (µ̃1(A)),L (µ̃2(A)))≤ W∗,p(ν1
A,ν2

A).
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